Aqc- ALGEBRA OF AN ELLIPTIC CURVE AND EISENSTEIN SERIES 

ALEXANDER POLISHCHUK 

Abstract. We compute explicitly the ^l^-structure on the algebra Ext* (Co © L, Oc © L), 
ON where L is a line bundle of degree 1 on an elliptic curve C. The answer involves higher 

derivatives of Eisenstein series. 
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Introduction 



The bounded derived category D b (X) of coherent sheaves is an important invariant of an 
algebraic variety X (see [1] for a survey) . This category can be described in a purely algebraic 
way if one has a generator, i.e., an object G generating D b (X) as a triangulated category. 
With such an object one can associate a graded algebra Eq = ® n & Ext n (G, G). However, in 
order to recover D b (X) from Eq one has to take into account certain higher products which 
fit together into a structure of an A^-algeb ra, on Eq (see |Hj for an introduction into A^q- 
algebras). Namely, one can realize Eq as the cohomology of a dg-algebra and then apply a 
general algebraic construction that gives an -structure on such cohomology (see [7]). This 
^4oo-structure is minimal in the sense that mi = 0, and is canonical up to Aoo-equivalence. 
^ Now the category D b (X) can be shown to be equivalent to the derived category of perfect 

t-h ^loo-modules over A (see H], Thm. 3.1 or [6], 7.6). 

Thus, it is of interest to compute explicitly higher products on algebras of the form 
Ext*(G, G) as above. In this paper we solve this problem in the case when X is a com- 
y—i plex elliptic curve and G = Ox © L, where L is a line bundle of degree 1. Namely, we 

compute the ^4oo-structure arising from the harmonic representatives (with respect to natural 
metrics) in the Dolbeault complex computing Ext* (Cr, G). The resulting formulas involve 

> 



higher derivatives of Eisenstein series (see Theorem 2.5.1 ). More precisely, we have to use the 
well-known non-holomorphic (but modular) modification e\ of the standard Eisenstein series 
ei along with all the higher Eisenstein series e^k-, k > 2. 

It is interesting that Eisenstein series appear not in their usual form but rather as some 



rapidly decreasing series, similar to those considered in [9] (see Theorem 1.2.1). The A, 



1 oo 



constraint gives rise to some quadratic relations involving derivatives of Eisenstein series, 



some of them well known (see Proposition 2.6.1). 
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1. ElSENSTEIN SERIES 



1.1. Definitions. Let us recall some basic definitions and facts (see |10j . ch. III). We consider 
C°°-functions F(u>i,uj 2 ) on the space of all oriented bases of C = M 2 . Recall that such a 
function is said to be of weight k G Z if 

F(\loi,Xlu 2 ) = \~ k F(u 1 ,uj 2 ). 

Such F is called modular (with respect to SL(2,Z)) if it is invariant with respect to SL(2,Z) 
base changes of (u>i,to 2 ) and F(1,t) = f(e 27TlT ), where f(q) is meromorphic at q = 0. The 
Eisenstein series e 2 j~_ f° r k > 2 is defined by 

e 2 fc(wi,W2)= E 

u;SL\{0} 

where L = Zcji + Zu;2. The function e 2 k is modular of weight 2k. One can also consider the 
analogous series for k = 1 using Eisenstein's summation rule: 

m n;n^0 if m=0 v 7 

The function e 2 is not modular but admits a simple non-holomorphic correction that makes 
it SL(2, Z)-invariant. Namely, let us set 

e 2 (ui,w 2 ) = e 2 (ui,u 2 ) 7T\— » 

a(L) aji 

where a(L) = Im(u7iu;2) is the area of C/L. Then e 2 (uji,uj 2 ) is SL(2, Z)-invariant (and of 
weight 2). For convenience we set also e 2k = e 2 k for k > 2. Eisenstein series appear as 
coefficients in the expansion of the Weierstrass zeta-function (cf. [10 , ch. Ill, formula (9)): 



(1.1.1) C(z;ui,u 2 ) = - - E e2fc ( 



• • )z' 2k ' 

z f — ' 

fc>2 



Following [2 , sec. 1.5, we consider the normalized Weil operator 

tt ._ d d s 

W = TTT^l ~ 1" w 2" 



a(L) duj\ duo 2 

This operator is SL(2, Z)-invariant and is of weight two. Slightly modifying the definition in 
|10j . ch.VI, for a pair of integers b > a > of different parity we set 

9a,b = 9b,a = (6 - a)\W a (e* b „ a+1 ). 

Note that (a(L)/n) a ■ g a ^ differs by a rational factor from Weil's e* b+1 . As shown in |10j . 
sec. VI. 5, g aj b is a polynomial in e 2 , e^, . . . , e a+ fe + i with rational coefficients. 

1.2. Presentation by rapidly decreasing series. For m,n 6 Z and a lattice L C C we 
set 

= (-£r) m ■ E ^ ex p(-^>i 2 )- 

a(L) . e A{0} w a(L) 
Note that f m ^ n = unless m + n is even (as one can see making the substitution u> 1— ► —a;). 



2 



Theorem 1.2.1. For n = 2k > 2 one has 

2 , A 1 t , _7|_ 

v ' m=2 v ' uj^O V ' 

where 

2z n - x 



(n — 1)! ^— ' fn — m)! 

v ; m=2 v ; 

Proof. This follows easily from Theorem 1 of [Qj stating that 



C(z; u x , u 2 ) - Z\T)\ - z 2 r]2 = y2 Y] 

to + z 

iveL o;eL\{0} 



e X p(-^+^)_ e X p(-^M 2 + 2^^gfl; 

u + z ^— ' UJ 



where z = Z\U\ + z 2 lo 2 with z\,z 2 E K. Indeed, we can use the expansion (1.1.1) to check 



the assertion for n > 4: one has to subtract 1/z from both parts of the above identity, apply 
(Jj)™^ 1 and then evaluate at z = 0. The case n = 2 is slightly different: we again subtract 
1/z from both parts, then apply g|- (taking (^1,22) as independent variables) and evaluate 
at 2 = 0. The required formula follows the fact that e 2 = —T}x/u)\ (see e.g., [2], sec. 1.2). □ 

Remark. The fact that e* is holomorphic in (ux,u 2 ) for n > 2 is equivalent to the identity 

2/n-l -1 = (n - l)/ n -2,0- 

For n = 2 we have instead 2/ lj _ 1 = /o,o + 1- These identities can be derived from the Poisson 
summation formula and Fourier self-duality of exp(— ^jy|z| 2 ) (see [9], sec. 1.1, Remark 1; for 
n > 2 one also has to use differentiation). 

One can immediately check that 

W(f m>n ) = fm+2,n + n fm+l,n+l- 



Hence, from Theorem 1.2.1 we get the following formula for g a ^. 
Corollary 1.2.2. For a pair of integers a,b > of different parity one has 

2. Minimal ^^-algebra of an elliptic curve 

2.1. General construction. Let us first recall the general construction of the Aoo -structure 
on the cohomology of a dg-algebra (A, d) equipped with a projector II : A — > B onto a 
subspace of ker(d) and a homotopy operator Q such that 1 — II = dQ + Qd. Merkulov's 
formula for this ^co-structure (see [7]) was rewritten in [5] as a sum over trees: 

m n (6i, . . . , b n ) = - e(T)m T (6i, ...,b n ). 

T 

Here T runs over all oriented planar rooted 3-valent trees with n leaves (different from the 
root) marked by b±, . . . , b n left to right, and the root marked by n (we draw the tree in such 
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a way that leaves are above, and every vertex has two edges coming from above and one from 
below). The expression mxibi, ■ ■ ■ , b n ) is obtained by going down from leaves to the root, 
applying multiplication in A at every vertex and applying the operator Q at every inner edge 
(see [S], sec. 6.4, for details). The sign e(T) has form 



)| + (| C2 («)|-l)deg(ei(«)) 



where v runs through vertices of T, (ei(v), e 2 (v )) is the pair of edges above v, for an edge e 
we denote by |e| the total number of leaves above e and by deg(e) the sum of degrees of all 
leaves above e (recall that leaves are marked by b{). 

Lemma 2.1.1. Assume in addition that HQ = QIl = Q 2 = 0. Let (pi, ... , b n ) be a collection 
of elements in B, where n > 3, such that bi = 1 for some i. Then m n (bi, . . . , b n ) = 0. 

Proof. It is convenient to use Merkulov's original formula 

m n (bi, ...,b n ) = IIA n (6i, . . . , b n ), 
where A n : A® n — * A are defined for n > 2 by the following recursion: A2(ai, ^2) = a i02 ; 
X n (ai, . . . ,a n ) = ±Q(A n _i(ai,...,a n _i)) -a n ±ai ■ Q(A n _i(a 2 , . . . , a„))+ 
^ ±Q(A fc (oi, . . . , a fe )) • Q(A;(a fc+ i, . . . , a n )). 

fc+i=n;fc,Z>2 

Since, IIQ = 0, it is enough to prove that A„(6i, . . . , b n ) G Q(-A). Let us use induction in n. 
In the case n = 3 we have 

Hh, b 2 , b 3 ) = Q(hb 2 )b 3 ± 6iQ(6 2 6 3 ) 

and the assertion follows immediately from the fact that Q(B) = 0. Suppose now that n > 4 
and the assertion holds for all n' < n. Since Q 2 = 0, the induction assumption easily implies 
that the first two terms in the recursive formula for A n belong to Q(A). Similarly, all the 
remaining terms vanish if n > 5. In the case n = 4 the term (5(6162) • Q(b 3 b^) also vanishes 
because either b\b 2 G B or 6364 G -B and Q(-B) =0. □ 



2.2. The case of an elliptic curve. Let C = C/(Z © Zr) be a complex elliptic curve. We 
denote by L the holomorphic line bundle of degree 1 on C, such that the theta-function 8(z, r) 
descends to a global section of L. We consider the Dolbeault dg-algebra 

A = ®£nd{O c ® L),d). 

Its cohomology B is the direct sum of the following components: 

(i) Hom(0,0) and Hom(L, L), both generated by identity maps; 

(ii) Hom(0,L), one-dimensional space; 

(iii) Ext 1 (L, O), one-dimensional space; 

(iv) Ext 1 (C, O) and Ext 1 (L, L), both isomorphic to the one-dimensional space if 1 (0). 



i 



To construct the homotopy operator Q, as in [8], we use the flat metric on C and the 
hermitian metric on L given by 



Im(z)^ 

if, 9)= I f(z)g(z)exp(-2-K )dxdy, 



where z = x + iy. Then we set Q = d G, where G is the Green operator corresponding 
to the Laplacian d* d + dd* . Then B C A is exactly the space of harmonic forms, and 
II : A — > B is the orthogonal projection. Let us fix the following harmonic generators in the 
above components: 

(i) ido and idz,; 

(ii) 9 = 9(z, t) viewed as a holomorphic section of L; 

(iii) r] := yjl Im(r) • 9(z, r) exp ( — 2 tt ) dz viewed as a (0, l)-form with values in L _1 ; 

(iv) £ = dz. When it is viewed as an element of Ext 1 (L, L) we write 

Note that we have a natural symmetric bilinear pairing on A = A © A 1 given by 

(a,P)= x • / Tr(aof3)Adz, 

where a and /3 are homogeneous elements such that deg(a) +deg(/3) = 1. The normalization 
is chosen in such a way that 



(£1) = — L— . / dzAdz = l. 
2ilm(r) 7 C 



By Serre duality, the induced pairing between B° and B 1 is nondegenerate. Also, by Theorem 
1.1 of [8], the j4oo-structure on B satisfies the following cyclic symmetry: 

(2.2.1) (m n (ai, . . . , a n ),a n+1 ) = (-l) n (**( a 0+i)( Ql) m n (a 2 , a n+1 )). 

The product m.2 on B is just the induced product on cohomology. The only interesting 
products are 1112(0,7]) G Ext 1 (0,0) and 7712(77, 0) 6 Ext 1 (L,L). Both are proportional to the 
generator £. To find the coefficient of proportionality it is enough to compute 

(m 2 (fl, ry) ,idp) = (m 2 (r?, 6>),id L ) = j^~zpj ' / 0-r]Ndz. 

The above integral is well known: 

Im(z) 



c 



' X T)e[z ' r) exp( ~ 2?r 



Im(r) 



)c£z A dz = 1. 



Thus, we obtain 

(2.2.2) maCMHf, rn 2 ( V ,e) = 



By Lemma 2.1.1 every higher product m n containing id(p or idz, vanishes. Together with 
the cyclic symmetry (2.2.1 ) this implies that the only potentially nonzero higher products are 
of the following types: 

(I) m n ((0 a , 0, (a) 6 , V, (0 C , 0, (&) rf ) G Hom(0, L), 

(II) m n ((a) a , r,, (0 b , 6, (a) c , V, (0 d ) G Ext 1 (L, O), 

(III) m„((£) ffl , 0, (£ L ) b , f/, (0 C , (a) d , (£) e ) G Hom(0, 0), 

(IV) m n ((a) a , r,, (£) 6 , ^, fe) c , »7, 0, (a) e ) G Hom(L, L), 
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where we denote by (£) a the string (£,...,£) with £ repeated a times. 
By the cyclic symmetry (2.2.1), we have 

<m n ((ar, v , (o b , o, (a) c , v, (o v> = (m n m b , o, car, v, (o d , °, (an, ^ 

K((et) a , V, (0\ 0, (&) c , r/, = (m n ((0 6 , 9, (&) c , r/, (£) d , 0, (&) a+e+1 ), r/>. 

Hence, it is enough to compute the products of type (I), i.e., the coefficients 

{m n m a ,O,ia) b ,V,(O C ,0,^L) d ),v)- 

2.3. Calculation I: combinatorial part. We start by computing some signs e(T). For a 
pair of oriented planar rooted 3-valent trees T-l,T% let us denote by join(Ti,T2) the tree (of 
the same type) obtained by joining together the roots of T\ and T2 and adding a root to the 
obtained new vertex (we keep T\ on the left from T2 in the plane). 

Lemma 2.3.1. Let T = join(Ti,T2), where each T{ has n« + 1 leaves (i = 1,2), exactly one 
of which is marked by a degree element, and the rest marked by degree 1 elements. Assume 
also that in each Tj no two leaves of degree 1 can be attached to the same vertex. Then 

e(T) = (_l)C 1+ 2 2+2 )+- 2 . 

Proof. By definition, 

e(T) = e(Ti)e(T 2 ) • (_i)("i+ 1 )+"i"a j 

so it remains to compute e(Tj) for i = 1,2. Note that under our assumptions each tree T, has 
a very simple structure: it has the main stem from the root to the leaf of degree 0, to which 
leaves of degree 1 can attach on the left and on the right: 




Suppose we have a pair of consecutive vertices v and w on the stem (with v above w) such 
that there is a degree 1 leaf attaching to v on the left and a degree 1 leaf attaching to w on 
the right. Let a be the number of degree 1 leaves above v. Then the contribution of v into the 



product denning e(Tj) equals (— l) a+1 , while the contribution of w equals (— l) a+2 . Hence, the 
contribution of both v and w is —1. It is easy to check that if T" is the tree obtained from T 
by reversing the order of attaching these two leaves at vertices v and w then the contribution 
of these vertices into e(T") will still be —1. Assume that Tj has exactly a (resp., b) leaves to 
the left (resp., to the right) of the degree leaf, and let V\, . . . , v a (resp., wi, . . . , Wb) be the 
vertices on the stem to which they attach. By the above observation, it is enough to consider 
the case when all the vertices v±, . . . , v a are above w\, . . . ,wt- 



a b 
* ^ deg=0 , A. 




Then one can easily calculate that 
Hence, 

e(T) = (-l)r i 2 +1 )+( n2 2 +1 )+(« 1 +i)+™ 1 « 2 = ( _ 1) (" 1+ 2 2+2 )+n 2 . 

□ 

Next, we consider the terms wr((£) a , $j (Cl) 6 ) "Hi (0 C ) ®-> {£,L) d )- Note that if two leaves of 
degree 1 in T are attached to the same vertex then txit vanishes because it will involve taking 
products of two elements of degree 1 in A. Henceforward, we assume that no two leaves of 
degree 1 can be attached to the same vertex. It is convenient to introduce the operator 

H L : C°°(L) -► C°°(L) :s^Q(s- dz) 

and a similar operator Hq on C°°-functions. The next result follows immediately from the 
definition. 

Lemma 2.3.2. (i) LetT = join(Ti, T2), where the leaves ofT\ are marked (from left to right) 
by 
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while the leaves of T2 are marked by 

Let a = a\ + 02, where a\ leftmost leaves of T\ get attached to the main stem of T\ below 
the vertex where r] attaches to the main stem, and the next 02 leaves get attached to the stem 
above this vertex: 




Then 

m T m a , o, (a) 6 , v, (0 C1+C2 , e, (a L ) d ) = n {[h^q(h^ + \®) ■ v)] • H? +d (e)) . 

(ii) Let T = join(Ti, T2), where the leaves of T\ are marked by 
while the leaves 0/T2 are marked by 

Let d = d\ + c?2; where exactly c?2 rightmost leaves of T 2 get attached to the main stem of T2 
below the vertex where ry attaches to the main stem. Then 

m T m a , 0, ^L) bl+b2 , V, (0 C , 0, = n ([H b S +d *Q{H^ (6) • r,)] ■ (9) 



Combining Lemmas |2.3.1| and |2.3.2| we arrive at the following expression for m n . 

Lemma 2.3.3. One has 

(m n ((0 a ,e,^ L ) b ,r,,(0 c ,9,^ L ) d ),v) = 

0-2 + b\ (<X\ + cA fc 2 + d 

0.2 J V °1 / V c 2 



a=a 1+ ^Lc 1+ c 2 V a 2 )\ a, )\ C 2 J 

(-l)®** 1 - £ ( C+ c dl )( 62 + d2 )(° + o 6 ^(c + d 1 ,6 2 + d 2) a + 6 1 ), 

6=6i+62;d=di+d 2 \ C ^\ 2 J \ a J 
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where 



[m, n 



p) = (-i)^(n ([U8Q(2TO • »/)] • Hl(6)) , ?? ). 



2.4. Calculation II: analytic part. We will use real coordinates w,uonC such that z 
u + vt. Let us also set a = Im(r). 



Lemma 2.4.1. Consider the differential operator D 
has: 



a _9_ 

7T dz 



2iav. Then for k > one 



Hie 



k\ 



(2.4.1) 
(2.4.2) 

V2a(D k 8) •^exp(-2vraw 2 



(-2io) 



y^(n + w) fc exp(7riTn 2 + 2irinz), 



(-l) ran (mr — n) fc exp(— — |mr — n| 2 + 2iri(mu + to)). 

(m,n)sZ 2 



Proof. The case fc = of the identity (2.4.2) is well-known (see [8], eq. (2.2)). The general 
case follows easily by applying D k . Next, let us prove (2.4.1) by induction in k. Recall that 
the operator Q : S7 0,1 (L) — ► J7 0,0 (L) is uniquely determined by the following two properties: 
d o Q = id and the image of Q is orthogonal to 9. Thus, H k 9 equals the unique function / 



such that S= 



(2.4.3) 



D k ~ 1 d 



( k _ 1 y and (/, 9) = 0. Thus, it is enough to check the identities 
D k 9 = {-2ia) k • y~*X n + v ) k exp(7rzrn 2 + 2mnz), 



(2.4.4) 



0_ 

dz 



D k 9 = kD k ~ l 9, 







for k > 0. The latter follows immediately from the Fourier expansion (2.4.2), since (D k 9, 9) is 
proportional to the Fourier coefficient of this expansion corresponding to (m, n) = (0, 0). To 



check (2.4.3) one can apply D to the similar expansion for D k 1 9. Finally, one checks (2.4.4) 
d 



by applying jL to the right-hand side of (2.4.3). 



□ 



Now we can calculate the expressions <fi(m,n,p) (see Lemma 2.3.3). 
Lemma 2.4.2. One has 



k\p\ 7T 



k+p 



exp(- 



7T 



uj 1 + 1 - ■ a 



M 



ojSZ+Zt\{0} 

Proof. It is easy to see that the operator Q : O ' 1 — > O ' is given by 



k\p\ 7T 



(5(exp(27ri(mn + nv))dz) 



7r(m °_ w) exp(2vri(mu + to)), (m, n) ^ (0, 0), 
(m,n) = (0,0). 
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Hence, using Lemma 2.4.1 we obtain 

Q(H k L (6) ■ rj) = -Q(V2a(D k e) ■ eM-2irav 2 ) = 
k\ 

Q> \ — ^ / ^ ( TYIT — Tl) k , TV . () . 

— • > {-l) mn -, ~rexp( mr-rer + 2m(mu + nv)). 

k\ix y ' (mr-n) v 2a 1 1 v " 

(m,n)6Z 2 \{(0,0)} V ' 

Therefore, 
(2.4.5) 

H l Q(H k L (e)-r,) = ^(°) m - J2 (-l) mn {mT ~ ^ exp(-f |mr-n| 2 +2vrz(m^+ TO )). 

(m,n)eZ 2 \{(0,0)} V ' 

Next, comparing the formulas for rj and for the metric on L we observe that for a C°°- 
section / of L one has (/, 9) = if and only if (/, rj) = 0. Hence, for / £ C°°(L) one 
has 

(U(f), V ) = (f, V ) 
(since n is the orthogonal projection onto CO). Therefore, 

^(k,l,p) = (-if ([H l Q(HUe)-v] -Hlieiri) = (-ir(H l Q(H k L (e). v ,H p L (e). v ). 

Now the right-hand side can be computed using the Fourier expansion for H^{6) from Lemma 



2.4.1 and the Fourier expansion ( 2.4.5[ ): 

k!»! 7T (rar — nY +l a 

(m,n)eZ 2 \{(0,0)} V 



□ 



2.5. Calculation III: conclusion. It remains to put everything together. Substituting the 
expressions for 4>(k, l,p) found in Lemma 2.4.2 into the formula of Lemma 2.3.3 we get 



1+1 



,Im(r) 



,n-2 



7T 



E 



a=ai+a,2,c=ci+C2 



(_l)Q)+"+l(Ml) ) n-2 . y 



(oi +ci)! 
ai!a2!ci!c2!6!(i! 

(b 2 + rf 2 )! 



/a2+C2+b+d,ai+ci+l + 



+a+c, 62 4-^2+1 • 



=&i+&2;<i=di+d2 

Since fk,i = unless k + I \s even, this immediately implies that m n = for odd n. Now 
assuming that n is even we can rewrite the above equation as follows (denoting k = a± + c\ 
and I = 62 + cfo): 

7T 



\n-2 



Im(r) 



•(m n ((o a ,^(eL) b ^,(o c ,^(ar),r?> 



7T^ • ^2 ^^ a ' C ' k)fa+c-k+b+d,k+l + -j-j • ^ C(6, d, l)fb+d-l+a+c,l+l, 
fc>0 ' ' Z>0 
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where 

C ( a > c >Q = E ai ! Cl !(a-ai)!(c-ci)! = a!d E L) ( C J = ^ ( fc 

oi+ci=fe;ai<a,ci<c ai+ci=fc 

Thus, our formula for (m n ((£) a , 0, (£l) 6 , V, (Z) C A (CL) d ),v) takes form 

(- 1 ) a)+1 ( In J r y)"" 2 • K((?)°. ^ fe) 6 ' ^ (0 C , (&) d ), r?) = 



fc>0 v v 7 v 77 



Taking into account Corollary 1.2.2 we obtain for even n 



(2.5.1) (m n ((0 a , 0, V, (0 C , 0, V) = (-1)^ )+1 7T7TXJT • (^)"" 2 

Let us summarize our calculations. We set 



I7i i7i ' ' ■ 9a+c,b+d- 

a\b\c\d\ ir 



(2.5.2) M(a, b, c, d) := (-lf +b+ r^) _L_ . ( *E& . 

Theorem 2.5.1. The only non-trivial higher products m n of the A^- structure on B = 
Ext*(C L, O L) are of the form 

m n ((0 a , 0, (£z) 6 , V, (0°, 0, (a) d ) = M(a, b, c, d) ■ 9, 

m n mr, (o b , o, (ar, v, (o d ) = M{ a , &, c , d) ■ v , 

m n ((0 a , 0, (Cl) 6 , V, (0 C , 0, (t L ) d , rj, (£) e ) = M(a + e + l,b,c,d)- id©, 

^n((a) a , r/, (£) 6 , 0, (a) c , r?, (£)*, ^ (&) e ) = M(a + e + 1, 6, c, d) ■ id L . 
j4ZZ products m n with odd n vanish. 

Remarks. 1. Assume that r belongs to a ring of integers of an imaginary quadratic field (so 
that our elliptic curve admits complex multiplication). Set w = 27r\r](q)\ 2 , where r](q) is the 
Dedekind's r/-function, and q = exp(27rir). Then the numbers w^ a ^ b ^ 1 • g a ^ are algebraic 
over Q (see [TO], sec. VI. 6). Hence, if we multiply our basis elements of degree 1 (77, £ and 
£l) by the factor |^(<7)| _2 then the structure constants of our ^oo-structure with respect to 
the new basis will be algebraic over Q. 

2. Another meaningful rescaling is obtained if we multiply our basis elements of degree 1 by 
the factor 7r/Im(r). Then the new structure constants M'(a,b,c,d) will all have limit at the 
cusp Im(r) — > +00. Namely, using the well known g-series for the Eisenstein series, one can 
easily check that the only nonzero limiting values will be 

M'(i, 0, j, 0) = M'(0, i, 0, j) -> (-l)C + 2 +1 ) • J ) • ^ + J + 1), 

where i + j is odd. 
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2.6. ^oo-constraint. The ^l^-axiom (we follow [1], 3.1 for sign conventions) gives certain 
quadratic equations on coefficients (M(a,b,c,d)) and hence leads to identities for g m ,n- For 
example, applying this axiom to the string 

(0 a , o, (a) 6 , v, (0 c ,e, v, (0 e , o, fey, 

where a,b,c,d,e, f are positive, we get 

(_i)(«2+b+c+rf 1 +i)(a 1 +d 2 + e +/)+a 1M(a2) fej C; dl ) M (ai, d 2 , e, /) + 

a=ai +a2 ;d=di +d 2 

(_ 1 )(fe+c+d+ ei +l)(a+fe 1 +e 2 +/+l)+a+fe 1 + l M(62; C; ^ ei ) M ( a> f) + 

b=bi+b 2 ;e=ei+e 2 

(_ 1 )(c 2 +d+e+/ 1 +l)(a+6+ C1 +l+/ 2 )+a+6+ ClM ( C2) ^ ^ J 1 ) M ( (i) b> Clj J 2 ) = . 

c=ci+c 2 ;/=/i+/2 

When one of a, 6, c, d, e, f is zero, additional terms will arise due to the presence of double 
products. For example, for the string 

we get 

(-l)( a2+1 )( ai+fe )+ ai M(a 2 , 0, 0, 0)M(ai, 0, 0, b)+ 

£i=ai+a2 

^ (_l)(6l+l)(a+&2+l)+a M ( 0; Q) Q) fel ) M (a, 0, 0, b 2 ) + 
b=b 1 +b 2 

(-l) a [M(a + 1, 0, 0, b) - M(a, 1, 0, b) + M(a, 0, 1, b) - M(a, 0, 0, b + 1)] + 
^ (-l) a M(a + 1,0, 0, 0) - 5 afl M(b + 1,0, 0, 0) = 0. 



Substituting into the above identities the expressions for M(a,b,c,d) from (2.5.2) we arrive 
at the following result. 

Proposition 2.6.1. (i) For positive integers a,b,c,d,e, f one has 

a=ai+a 2 ;<i=cii+d 2 

X] ("^V&J ( e J^2+rf,c+ e i9a+ e2 ,b 1 +/ + 

") 2 ;e=ei+e 2 

Yl ( _1 ) C1 ( . C ) ( i)9c 2+e ,d+fi9a+ Cl ,b+h = 0- 



c=Ci+c 2 ;/=/i+/ 2 

('iij For integers a,b > one /ias 



V- /a\ a + 2 + 5 &i0 ^ /6\ o + 2 + <5 aj0 

/ y I J9a 1 ,09a 2 ,b Q + 1 Sa+l.b — 2^ I 5 J 90,b 1 9a,b 2 j 3o,6+l- 

a=ai+a 2 " ' b=b 1 +b 2 ^ X ' ' 
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Note that the identity in (ii) gives a recursive formula for g a +ib m terms of all g a > y with 
a' < a. Since <?o,n = "n\e* n+1 , we recover the fact that all g a ^ are polynomials in (e*) with 
rational coefficients. For example, in the case a = the obtained identity (for even n) 

o ST f n \ n + 3 

*gi,n — — / . \go,mgo,k h —rgn+i,o 

^— ' \m J n + 1 

is equivalent to the formula 

_jy e ; = _ ^ e* m+1 e* k+1 + (n + 3)e n+2 

n=m+A: 

found in [10J, VI.5. 
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